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APPROXIMATION PROPERTIES FOR FREE
ORTHOGONAL AND FREE UNITARY QUANTUM
GROUPS
MICHAEL BRANNAN
Abstract. In this paper, we study the structure of the reduced C∗-
algebras and von Neumann algebras associated to the free orthogo-
nal and free unitary quantum groups. We show that the reduced von
Neumann algebras of these quantum groups always have the Haagerup
approximation property. Combining this result with a Haagerup-type
inequality due to Vergnioux [35], we also show that the reduced C∗-
algebras always have the metric approximation property.
1. Introduction
In [37, 38], S. Wang constructed a new family of compact quantum groups
- the so-called free unitary and free orthogonal quantum groups - by con-
sidering certain highly noncommutative analogues of the C∗-bialgebras of
continuous functions on the classical unitary and orthogonal groups UN and
ON . More precisely, for any N ≥ 2, the free unitary quantum group (of
dimension N) is the pair U+N := (Au(N),∆), where Au(N) is the universal
C∗-algebra defined by N2 generators {uij : 1 ≤ i, j ≤ N}, subject to the
relations which make the matrices
U := [uij ]1≤i,j≤N and U := [u∗ij ]1≤i,j≤N(1.1)
unitary, and ∆ : Au(N)→ Au(N)⊗min Au(N) is the coproduct determined
by
∆(uij) =
N∑
k=1
uik ⊗ ukj (1 ≤ i, j ≤ N).(1.2)
Similarly, the free orthogonal quantum group is the pair O+N := (Ao(N),∆),
where Ao(N) is the universal C
∗-algebra defined by N2 self-adjoint gener-
ators {vij = v∗ij : 1 ≤ i, j ≤ N}, subject to the relations which make the
matrix
V := [vij ]1≤i,j≤N(1.3)
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unitary, and ∆ : Ao(N)→ Ao(N)⊗min Ao(N) is the coproduct defined by
∆(vij) =
N∑
k=1
vik ⊗ vkj (1 ≤ i, j ≤ N).(1.4)
Since the introduction of these quantum groups, the series {O+N}N≥2 and
{U+N}N≥2 have been the object of intensive study from both quantum prob-
abilistic and operator algebraic perspectives [2, 3, 5, 6, 7, 16, 34, 35]. On the
probabilistic side, it is becoming increasingly apparent that the same role
played by the groups ON and UN in classical probability theory, is played
by O+N and U
+
N in Voiculescu’s free probability theory [6, 7, 15]. For exam-
ple, Freedman’s theorem characterizing conditionally independent Gaussian
families in terms of ON and UN invariant distributions, has a free analogue
when these groups are replaced by O+N and U
+
N [15]. The series {U+N }N≥2
also provides canonical examples of “quantum Haar unitary” random matri-
ces, which can be used to prove asymptotic operator valued freeness results -
a phenomenon which does not occur when using classical Haar unitary ran-
dom matrices [16]. From the perspective of operator algebras, the reduced
C∗-algebras and von Neumann algebras arising from the GNS representa-
tions of the Haar traces on O+N and U
+
N form an interesting class of operator
algebras, about which much is still not known.
For G = O+N or U
+
N , let C(G) denote the reduced C
∗-algebra of G, and let
L∞(G) = C(G)′′ denote the reduced von Neumann algebra of G. In [3] and
[34], the algebras C(G) and L∞(G) were shown to share many structural
properties with the reduced C∗- and von Neumann algebras of the free groups
Fk (k ≥ 2). For example, C(U+N ) is always a non-nuclear, exact, and simple
C∗-algebra, and L∞(U+N ) is always a solid, non-injective II1-factor. The same
properties hold for C(O+N ) and L
∞(O+N ) when N ≥ 3. In [3], it is also shown
that L∞(U+2 ) is isomorphic to L(F2), the von Neumann factor generated by
the left regular representation of F2. Given the above structural properties,
it is natural to ask whether the algebras L∞(G) (G = O+N or U
+
N , N ≥ 3)
also give rise to free group factors? At this time, a direct answer to this
question seems to be out of reach. Nevertheless, we can try and shed light
on this question by asking what other structural properties of C(G) and
L∞(G) are shared by the reduced free group algebras C∗λ(Fk) and L(Fk)
(k ≥ 2)?
In this paper, we consider this second question, and in particular look
at what sorts of approximation properties these operator algebras have.
We prove that the von Neumann algebras L∞(O+N ) and L
∞(U+N ) have the
Haagerup approximation property for all N ≥ 2, which answers questions
posed by Vaes [33] and Vergnioux [36, Introduction]. Recall that a finite
von Neumann algebra (M, τ) (with faithful normal trace τ : M → C) has
the Haagerup approximation property (HAP) if there exists a net {Φλ}λ∈Λ
of normal, unital, completely positive, τ -preserving maps on M such that:
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(1) For each λ ∈ Λ, the unique L2-extension Φˆλ : L2(M)→ L2(M) is a
compact operator, and
(2) For each x ∈ M , limλ∈Λ ‖Φˆλ(xˆ) − xˆ‖L2(M) = 0, where x 7→ xˆ is the
usual embedding M →֒ L2(M).
Conditions (1) and (2) of course imply that the identity map idM→M =
limλ∈ΛΦλ in the point σ-weak topology of B(M). Note that the HAP is a
very important structural property for a finite von Neumann algebra, since
it is an isomorphism invariant (see Remark 3.1), and it is also a useful tool
for proving other approximation properties, such as the weak∗-(completely)
bounded approximation property (see [29, 30]).
In [21], Haagerup established the positive definiteness of the exponenti-
ated length functions {g 7→ e−|g|t}t≥0 on the free groups Fk (k ≥ 2), which
yields the HAP for the free group factors L(Fk). Combining this result with
the Haagerup inequality for the free groups [21, Lemma 1.4], Haagerup also
showed that the reduced C∗-algebras C∗λ(Fk) have the metric approximation
property (despite being non-nuclear). Combining our proof of the HAP for
L∞(O+N ) and L
∞(U+N ) with a version of the Haagerup inequality for these
quantum groups proved by Vergnioux [35], we are also able to show that
the reduced C∗-algebras C(O+N ) and C(U
+
N ) have the metric approximation
property. This answers a question posed by Vergnioux in [35, Introduc-
tion]. We also show that C(U+2 ) has the (stronger) completely contractive
approximation property (see Remark 5.11).
The remainder of this paper is organized as follows: Section 2 contains a
brief review of the basic results on C∗-algebraic compact quantum groups
that we will need. In Section 3, we restate the definition of the Haagerup
approximation property in the context of compact quantum groups of Kac
type, and prove some general results about normal completely positive
maps on their reduced von Neumann algebras. In Section 4, we prove that
L∞(O+N ) always has the HAP, and deduce the same result for L
∞(U+N ) using
a free product representation of L∞(U+N ) due to Banica [3]. The two main
ingredients to our proof of the HAP for L∞(O+N ) are (1) an averaging result
for state-induced normal completely positive maps on compact Kac algebras
(Theorem 3.7), and (2) the fact that the spectral measure of the fundamen-
tal character of O+N (relative to the Haar trace) is always Wigner’s semicircle
law (Theorem 4.1). In Section 5, we use Vergnioux’s Haagerup inequalities
for O+N and U
+
N , and the results of Section 4, to prove that the C
∗-algebras
C(O+N ) and C(U
+
N ) have the metric approximation property. We close with
Remark 5.12, where we use the results of Section 5 to show that the Banach
algebra predual L1(G) := L∞(G)∗ (G = U+N or O
+
N ) always has a central
approximate identity which is bounded in the multiplier norm on L1(G).
Acknowledgements. The author thanks his doctoral supervisors James
A. Mingo and Roland Speicher for useful discussions. The writing of this
paper was completed while the author participated in the “Bialgebras in
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2. Preliminaries and Notation
In this section we review the basic theory of compact quantum groups, as
developed by Woronowicz in [40] (see also the excellent book [32]). For the
remainder of this paper, we will use the symbol ⊗ when writing the minimal
tensor product of a pair of C∗-algebras. Similarly, ⊗ will be used to denote
the von Neumann tensor product, and ⊗alg will denote the purely algebraic
tensor product of two algebras. A basic familiarity with the theory of com-
pletely bounded maps will be assumed. In particular, B(X) (resp. CB(X))
will always denote the algebra of bounded (resp. completely bounded) op-
erators on a Banach (resp. operator) space X. Our reference for this will
be [27, 28].
A compact quantum group (CQG) is a pair G = (A,∆) where
• A is a unital C∗-algebra,
• ∆ : A → A ⊗ A is a unital ∗-homomorphism satisfying the coasso-
ciativity relation
(2.1) (idA ⊗∆) ◦∆ = (∆⊗ idA) ◦∆,
and
• G satisfies the cancellation property. That is, the sets
∆(A)(1A ⊗A), and ∆(A)(A ⊗ 1A),
are linearly dense in A⊗A.
From these three axioms, it follows that any CQG G = (A,∆) admits
a unique state h : A → C, called the Haar state, which satisfies the bi-
invariance condition
(h⊗ idA)∆(x) = (idA ⊗ h)∆(x) = h(x)1A (x ∈ A).(2.2)
We denote by L2(G) the usual GNS Hilbert space obtained from equipping
A with the sesquilinear form (x, y) 7→ h(y∗x), and denote by πh : A →
B(L2(G)) the GNS representation. We also put C(G) = πh(A) ⊆ B(L2(G)),
and L∞(G) = C(G)′′ ⊆ B(L2(G)). C(G) is called the reduced C∗-algebra
of G, and L∞(G) is called the reduced von Neumann algebra of G. Since
h = (h⊗h)◦∆, it follows that the coproduct ∆ determines a coproduct ∆r :
C(G)→ C(G)⊗C(G) satisfying ∆r ◦ πh = (πh ⊗ πh) ◦∆. Furthermore, ∆r
extends to a normal ∗-homomorphism ∆r : L∞(G)→ L∞(G)⊗L∞(G). The
CQG Gr = (C(G),∆r) is called the reduced version of G, and (L
∞(G),∆r)
is a von Neumann algebraic CQG, in the sense of [25]. The Haar state
hr : C(G)→ C is given by hr(πh(x)) = h(x) for each x ∈ A, and extends to
a faithful normal state on L∞(G). From now on we will drop the subscript
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r from hr, and just write h for the Haar state in all possible situations. No
confusion should arise from this.
For any CQG G = (A,∆), the Banach space A∗ of continuous linear
functionals on A comes equipped with the associative convolution product
(ϕ,ψ) 7→ ϕ ∗ ψ = (ϕ⊗ ψ) ◦∆.
With this product, A∗ is a (completely contractive) Banach algebra. The
predual L1(G) := L∞(G)∗ of the reduced von Neumann algebra of G can
be completely isometrically identified with a closed subspace of A∗ via the
dual pairing
〈x, ω〉 = 〈ω, πh(x)〉 (x ∈ A,ω ∈ L1(G)).(2.3)
With this identification, L1(G) is a closed two-sided ideal in A∗ (see [17],
[24, Page 913-914]).
Definition 2.1. An (n-dimensional) corepresentation of a CQG G = (A,∆)
is a matrix U = [uij ]1≤i,j≤n ∈Mn(A) =Mn(C)⊗A with the property that
∆(uij) =
n∑
k=1
uik ⊗ ukj (1 ≤ i, j ≤ n).
We say that U is a unitary corepresentation if in addition U is a unitary
element of Mn(A).
If U = [uij]1≤i,j≤n, is a corepresentation, the matrix U = [u∗ij ]1≤i,j≤n is
also a corepresentation, called the conjugate of U . We note that U may not
be a unitary corepresentation, even if U is unitary.
If U ∈ Mn(C)⊗ A and V ∈ Mm(C) ⊗ A are two corepresentations of G,
we define the vector space
Hom(U, V ) = {T ∈ B(Cn,Cm) : (T ⊗ 1A)U = V (T ⊗ 1A)}.
An element T ∈ Hom(U, V ) is called an intertwiner from U to V . The corep-
resentation U is called irreducible if Hom(U,U) = Cid, and U is irreducible
if and only if U is. U and V are called (unitarily) equivalent corepresenta-
tions if there exists an invertible (unitary) operator T ∈ Hom(U, V ), and we
write U ∼= V .
The matrix
U ⊠ V := [uijvkl] 1≤i,j≤n
1≤k,l≤m
∈Mn(C)⊗Mm(C)⊗A,
is again a corepresentation of G, called the tensor product of U and V .
One can of course define the notion of an infinite dimensional (unitary)
corepresentation of G (see [40, Section 2]), however we will not need this
generality here, mainly due to the following theorem:
Theorem 2.2. ([40]) Every irreducible corepresentation of a CQG is finite
dimensional and equivalent to a unitary one. Furthermore, every unitary
corepresentation is unitarily equivalent to a direct sum of irreducibles.
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Let {Uα = [uαij ]1≤i,j≤dα : α ∈ A} be a maximal family of finite-dimensional
irreducible unitary corepresentations of G = (A,∆), with α0 being the index
corresponding to the trivial corepresentation 1A ∈ A, and Uα denoting the
representative of the class of Uα. Let A denote the subspace of A spanned
by the matrix elements {uαij : 1 ≤ i, j ≤ dα, α ∈ A}. Then A is a Hopf
∗-algebra with faithful Haar state given by h|A, A is norm dense in A, and
the set {uαij : 1 ≤ i, j ≤ dα, α ∈ A} is a linear basis for A. The coproduct
∆A : A → A⊗alg A is just the restriction ∆|A, the coinverse κ : A → A is
the antihomomorphism given by
κ(uαij) = (u
α
ji)
∗ (1 ≤ i, j ≤ dα, α ∈ A),
and the counit ǫ : A → C is the ∗-character given by
ǫ(uαij) = δij (1 ≤ i, j ≤ dα, α ∈ A).
The Hopf ∗-algebra A is unique in the sense that if B ⊆ A is any other dense
Hopf ∗-subalgebra, then B = A (see [8, Theorem 5.1]).
In general, the counit ǫ : A → C and the coinverse κ : A → A defined
above cannot be extended to bounded linear maps on A. A CQGG = (A,∆)
is called co-amenable if the map πh(x) 7→ ǫ(x) (x ∈ A) extends to a character
of C(G). In this paper we will mainly deal with CQGs of Kac type, which
are precisely those for which the coinverse κ can be extended to a bounded
map on A.
Definition 2.3. A CQG G = (A,∆) is said to be of Kac type if any one of
the following equivalent conditions is satisfied.
(1) κ : A → A has a continuous extension to a ∗-antihomomorphism
κ : A→ A.
(2) κ2 = idA.
(3) The Haar state h : A→ C is a trace.
See [1] for proofs of the above equivalences. From the universality of the
C∗-algebras of Ao(N) and Au(N) defined in Section 1, it is not difficult to
see that condition (1) of Definition 2.3 is satisfied for these algebras. So O+N
and U+N are of Kac type. Also, O
+
N is not co-amenable for all N ≥ 3, and
U+N is not co-amenable for all N ≥ 2 [3].
When G = (A,∆) is of Kac type and Uα (α ∈ A) is an irreducible unitary
corepresentation (using the above notation), it is readily checked that Uα is
also unitary. We can therefore assume from now on that our representatives
{Uα : α ∈ A} have been chosen so that Uα = Uα. In this case, we have
κ(uαij) = (u
α
ji)
∗ = uαji (1 ≤ i, j ≤ dα, α ∈ A).(2.4)
Furthermore, the family of matrix elements {√dαuαij : α ∈ A, 1 ≤ i, j ≤
dα} ⊂ A always forms an orthonormal basis for L2(G) in the Kac algebraic
setting.
Finally, when G = (A,∆) is of Kac type, the map κr : C(G)→ C(G) de-
fined by κr(πh(x)) = πh(κ(x)) (x ∈ A), defines the coinverse for the reduced
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quantum groupGr. Furthermore, κr extends to a normal ∗-antiautomorphism
κr : L
∞(G)→ L∞(G).
3. The Haagerup Approximation Property for Compact
Quantum Groups of Kac Type
In this section, we discuss the Haagerup approximation property in the
context of CQGs G = (A,∆) of Kac type, and prove some general results
on constructing normal completely positive maps on L∞(G) from states on
A.
We will say that a CQG G = (A,∆) of Kac type has the Haagerup
approximation property (HAP) if the finite von Neumann algebra (L∞(G), h)
has the HAP, as defined in Section 1.
Remark 3.1. At this point, it is worthwhile to mention that the HAP for a
finite von Neumann algebra (M, τ) does not actually depend on the partic-
ular choice of trace τ . I.e., if τ ′ : M → C is another faithful, normal, finite
trace, then (M, τ ′) also has the HAP. Furthermore, in the definition of the
HAP, the requirement that the maps Φλ : M → M be τ -preserving can be
relaxed to τ ◦ Φλ ≤ τ , and this yields the same class of von Neumann alge-
bras [22]. From the trace-independence of the HAP, it is easily deduced that
the HAP is an invariant for the isomorphism class of a finite von Neumann
algebra.
Notation 3.2. Let A be a C∗-algebra and let T : A → A be a linear map.
We will say that T is UCP when T is unital and completely positive. If A is
a von Neumann algebra, we will say that T is NUCP if T is normal, unital,
and completely positive.
In order to establish that a given CQG G = (A,∆) of Kac type has the
HAP, we need to construct a net of NUCP, h-preserving maps on L∞(G)
which satisfies certain properties. In the classical case (when G corresponds
either to a classical compact group G or the dual of a discrete group Γ),
a convenient place to look for such maps is within the set of convolution
operators induced by states on the C∗-algebra A. In the general situation,
the same is true: states on A yield concrete examples of NUCP maps on
L∞(G). We will now briefly outline this well known procedure.
Definition 3.3. Let G = (A,∆) be a CQG and ϕ ∈ A∗ a state. The UCP
h-preserving map Cϕ : A→ A given by
Cϕx = (ϕ⊗ idA)∆(x) (x ∈ A),
is called the (left) convolution operator associated to ϕ.
Let πh : A → C(G) denote the GNS representation of the Haar state
h : A → C. The following lemma shows that the convolution operator Cϕ
factors through the quotient C(G) ∼= A/ ker πh, and furthermore extends
to a NUCP map on L∞(G). This result is already known, and can be
nicely stated (in a more general context) in terms of completely bounded
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multipliers of locally compact quantum groups (see [17, Proposition 8.3] and
[18, Section 6]). In order to avoid dealing with Pontryagin duality and to
keep this paper self-contained, we provide a proof of the following lemma.
Lemma 3.4. Let G = (A,∆) be a CQG, and let ϕ ∈ A∗ be a state. Then
there exists a unique UCP h-preserving map Sϕ : C(G)→ C(G) defined by
Sϕ(πh(x)) = πh(Cϕx) (x ∈ A),
where Cϕ is the convolution operator given in Definition 3.3. Furthermore,
Sϕ extends uniquely to a NUCP h-preserving map
Sϕ : L
∞(G)→ L∞(G).
Proof. We claim that Cϕ(ker πh) ⊆ ker πh. To see this, fix x ∈ kerπh. Since
h is a KMS-state [32, Example 8.1.22], it follows that ker πh = {x ∈ A :
h(x∗x) = 0}. By the Cauchy-Schwarz inequality for completely positive
maps ([27, Proposition 3.3]), we have
(Cϕx)
∗(Cϕx) ≤ Cϕ(x∗x).
Applying h to this inequality and using the fact that Cϕ is h-preserving, we
get
h((Cϕx)
∗(Cϕx)) ≤ h(Cϕ(x∗x)) = h(x∗x) = 0.
So Cϕx ∈ ker πh, proving the claim.
Since Cϕ(ker πh) ⊆ ker πh, we may define a linear map
Sϕ : C(G)→ C(G),
by setting
Sϕ(πh(x)) = πh(Cϕx).
The fact that Sϕ is UCP and h-preserving follows from this formula and the
fact that Cϕ has these properties.
We now prove that Sϕ extends to a normal map on L
∞(G). Since L1(G) ⊆
A∗ is an ideal, we can consider the map Sϕ∗ ∈ CB(L1(G)) given by
Sϕ∗(ω) = ϕ ∗ ω (ω ∈ L1(G)).
Then the adjoint (Sϕ∗)∗ ∈ CB(L∞(G)) is normal, and (Sϕ∗)∗|C(G) = Sϕ.
Indeed, taking x ∈ A, ω ∈ L1(G), and using the identification (2.3), we have
〈ω, Sϕπh(x)〉 = 〈ω, πh((ϕ⊗ idA)∆(x))〉 = 〈(ϕ ⊗ idA)∆(x), ω〉
= (ϕ⊗ ω)∆(x) = 〈x, ϕ ∗ ω〉 = 〈Sϕ∗ω, πh(x)〉
= 〈ω, (Sϕ∗)∗πh(x)〉.
Therefore (Sϕ∗)∗|C(G) = Sϕ. Since C(G) is σ-weakly dense in L∞(G), we
find that (Sϕ∗)∗ is the unique normal extension of Sϕ. The fact that it is
UCP and h-preserving follows from these properties for Sϕ. 
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Remark 3.5. In order to keep our notation simple, we will identify the Hopf
∗-algebra A ⊆ A associated to a CQG G = (A,∆) with its image πh(A) ⊂
C(G) under the GNS representation πh : A → C(G). This is possible
because the Haar state h|A is always faithful (and therefore πh|A is injective).
With this identification, the NUCP map Sϕ ∈ CB(L∞(G)) considered in
Lemma 3.4 is given on the basis {uαij : 1 ≤ i, j ≤ dα, α ∈ A} ⊂ A by the
formula
Sϕ(u
α
ij) = (ϕ⊗ idA)∆(uαij) =
dα∑
k=1
ϕ(uαik)u
α
kj .(3.1)
We will also identify C(G) and L∞(G) with their dense images in L2(G),
via the GNS map x 7→ xˆ. Consequently, we have the natural inclusions
A ⊆ C(G) ⊆ L∞(G) ⊆ L2(G), and A = A‖·‖A .
Equation (3.1) gives a useful description of the NUCP map Sϕ : L
∞(G)→
L∞(G) in terms of the action of the state ϕ on A. Unfortunately, for a gen-
eral CQG G = (A,∆), it is a difficult task to explicitly construct (nontrivial)
states ϕ ∈ A∗. On the positive side, when G is of Kac type, Sϕ can be “av-
eraged” using the Haar trace to get a new NUCP map Tϕ, which now only
depends on the restriction of ϕ to the subalgebra of A generated by the
irreducible characters of G. In order to introduce this averaging result, we
first need some notation.
Notation 3.6. For each α ∈ A, denote by L2α(G) ⊂ L2(G) the subspace
spanned by the matrix elements {uαij : 1 ≤ i, j ≤ dα} of the corepresentation
Uα. Then L2(G) = ℓ2 −⊕α∈A L2α(G). Denote by pα : L2(G) → L2α(G) the
orthogonal projection, and let
χα = (Trdα ⊗ idA)(Uα) =
dα∑
i=1
uαii,
denote the irreducible character of the corepresentation Uα.
The following theorem is the main result of this section, and will be used
to prove that O+N has the HAP in Section 4.
Theorem 3.7. Let G = (A,∆) be a CQG of Kac type, and consider the
unital C∗-subalgebra B = C∗〈χα : α ∈ A〉 ⊆ A generated by the irreducible
characters {χα : α ∈ A}. Then for any state ψ ∈ B∗,
(1) The map
Tˆψ =
∑
α∈A
ψ(χα)
dα
pα,
is a unital contraction on L2(G), and
(2) The restriction Tψ = Tˆψ|L∞(G) defines a NUCP h-preserving map
Tψ ∈ CB(L∞(G)). Furthermore Tψ(C(G)) ⊆ C(G).
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Proof. (Of Theorem 3.7(1).) Since each Uα ∈Mdα(A) is a unitary operator,
‖uαij‖A ≤ 1 for each 1 ≤ i, j ≤ dα. Therefore∣∣∣ψ(χα)
dα
∣∣∣ ≤ d−1α ∥∥∥ dα∑
i=1
uαii
∥∥∥
A
≤ d−1α
dα∑
i=1
‖uαii‖A ≤ 1.
Since the family of projections {pα}α∈A ⊂ B(L2(G)) is orthogonal, Tˆψ =∑
α∈A
ψ(χα)
dα
pα satisfies ‖Tˆψ‖B(L2(G)) = supα∈A |ψ(χα)|dα ≤ 1. Since ψ is a
state, Tˆψ1L∞(G) = ψ(1A)1L∞(G) = 1L∞(G). 
The proof of Theorem 3.7(2) is much more in involved. The basic idea is
to obtain Tψ by averaging (with respect to the Haar trace) the NUCP map
Sϕ ∈ CB(L∞(G)), where ϕ ∈ A∗ is any Hahn-Banach extension of ψ. We
will first need a few preparatory results.
Lemma 3.8. Let G be a CQG of Kac type and let S ∈ CB(L∞(G)) be
unital, normal and h-preserving. Then the map
κr ◦ S ◦ κr : L∞(G)→  L∞(G)
is also unital, normal and h-preserving, with ‖κr ◦ S ◦ κr‖cb = ‖S‖cb. Fur-
thermore, we have S(C(G)) ⊆ C(G) if and only if (κr ◦S ◦κr)C(G) ⊆ C(G).
Proof. This is actually a general result for Kac algebras, proved in [23,
Proposition 2.4] for example. We include a proof for the reader’s conve-
nience.
First of all, S and κr are unital, normal, h-preserving, and κr(C(G)) =
C(G), it follows that κr ◦ S ◦ κr is also unital, normal and h-preserving.
Furthermore, S(C(G)) ⊆ C(G) if and only if (κr ◦ S ◦ κr)C(G) ⊆ C(G).
Since κr is a ∗-antiautomorphism, the map
L∞(G) ∋ x 7→ R(x) = κr(x)∗,
defines a conjugate-linear ∗-automorphism of L∞(G), and in particular is a
complete isometry. This means that for any matrix [xij] ∈Mn(L∞(G)),
‖[xij ]‖ = ‖[xij ]∗‖ = ‖[x∗ji]‖ = ‖[κr(κr(x∗ji))]‖ = ‖[κr(κr(xji))∗]‖
= ‖(idMn(C) ⊗R)[κr(xji)]‖ = ‖[κr(xji)]‖.
Using the above equality of matrix norms, we have for any matrix [yij] ∈
Mn(L
∞(G)),
‖(κr ◦ S ◦ κr)(n)[yij]‖ = ‖[κr(Sκr(yij))]‖ = ‖[S(κr(yji))]‖
≤ ‖S‖cb‖[κr(yji)]‖ = ‖S‖cb‖[yij ]‖.
Since n ∈ N was arbitrary, ‖κr ◦ S ◦ κr‖cb ≤ ‖S‖cb. The reverse inequality
follows from this one, since we may write S = κr ◦ (κr ◦ S ◦ κr) ◦ κr. 
Let G be a CQG of Kac type. Since (L∞(G), h) is a finite von Neumann
algebra and
∆r : L
∞(G)→ L∞(G)⊗L∞(G)
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is an injective normal ∗-homomorphism, it follows that ∆r(L∞(G)) is a von
Neumann subalgebra of L∞(G)⊗L∞(G). Therefore there exists a unique,
normal, h⊗ h-preserving conditional expectation
E : L∞(G)⊗L∞(G)→ ∆r(L∞(G)).
The following lemma describes how this conditional expectation acts on
L∞(G)⊗L∞(G).
Lemma 3.9. The conditional expectation E : L∞(G)⊗L∞(G)→ ∆r(L∞(G))
is determined by the equations
E(uαij ⊗ uβkl) =
δα,βδj,k
dα
∆r(u
α
il) (α, β ∈ A, 1 ≤ i, j ≤ dα, 1 ≤ k, l ≤ dβ).
Furthermore, E(C(G)⊗ C(G)) ⊂ ∆r(C(G)).
Proof. As usual, we identify L∞(G) as a subspace of L2(G) (and likewise
we identify L∞(G)⊗L∞(G) as a subspace of L2(G) ⊗2 L2(G)). With these
identifications, E is is realized simply as the orthogonal projection from
L2(G)⊗2 L2(G) onto L2(∆r(L∞(G)).
Recall that ∆r : L
∞(G)→ ∆r(L∞(G)) is trace preserving, and therefore
extends to an isometry with dense range for the L2-norms (i.e. a unitary op-
erator from L2(G) to L2(∆r(L
∞(G)).) Therefore ∆r maps the orthonormal
basis {d1/2α uαij : 1 ≤ i, j ≤ dα, α ∈ A} for L2(G) to the orthonormal basis
{∆r(d1/2α uαij) : 1 ≤ i, j ≤ dα, α ∈ A} for L2(∆r(L∞(G)). Therefore we can
write E(uαij ⊗ uβkl) as the L2-convergent series
E(uαij ⊗ uβkl) =
∑
γ∈A
∑
1≤t,s≤dγ
〈uαij ⊗ uβkl|∆r(d1/2γ uγts)〉∆r(d1/2γ uγts)
=
∑
γ∈A
dγ
∑
1≤t,s≤dγ
dγ∑
m=1
〈uαij ⊗ uβkl|uγtm ⊗ uγms〉∆r(uγts)
=
∑
γ∈A
dγ
∑
1≤t,s≤dγ
dγ∑
m=1
δi,tδj,mδk,mδl,sδα,γδβ,γ
d2γ
∆r(u
γ
ts)
=
δα,βδj,k
dα
∆r(u
α
il).
To see that E(C(G)⊗C(G)) ⊆ ∆r(C(G)), note that from the above formula
for E, we have E(A⊗algA) ⊆ ∆r(A). SinceA⊗algA is dense in C(G)⊗C(G),
∆r(A) is dense in ∆r(C(G)) and E is continuous, the result follows. 
We are now ready to prove Theorem 3.7(2).
3.1. Proof of Theorem 3.7(2). Let ϕ ∈ A∗ be any Hahn-Banach exten-
sion of the given state ψ ∈ B∗. Since ϕ(1A) = ψ(1A) = 1, and ‖ϕ‖ = ‖ψ‖ =
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1, ϕ is also a state. Let Sϕ ∈ CB(L∞(G)) be the NUCP h-preserving map
defined in Lemma 3.4, and consider the composition
Qϕ = ∆
−1
r ◦ E ◦ ((κr ◦ Sϕ ◦ κr)⊗ idL∞(G)) ◦∆r.(3.2)
From Lemma 3.8 above and the various definitions of the structure maps, it
directly follows that (κr ◦Sϕ ◦κr)⊗ idL∞(G), ∆r, E, and ∆−1r are all NUCP
and trace-preserving maps. Therefore their composition Qϕ is also NUCP
and h-preserving, and Qϕ(C(G)) ⊆ C(G) by Lemmas 3.4, 3.8 and 3.9. We
now claim that Tψ = Qϕ. This will complete the proof.
To show this, it suffices by the normality of the composition Qϕ to check
equality on the basis {uαij : α ∈ A, 1 ≤ i, j ≤ dα} of the the σ-weakly dense
subalgebra A ⊂ L∞(G). So, fixing a basis vector uαij, we compute
((κr ◦ Sϕ ◦ κr)⊗ idL∞(G))∆r(uαij) =
dα∑
k=1
(κr ◦ Sϕ ◦ κr)uαik ⊗ uαkj
=
dα∑
k=1
(κr ◦ Sϕ)uαki ⊗ uαkj (using (2.4))
=
dα∑
k=1
κr
( dα∑
l=1
ϕ(uαkl)u
α
li
)
⊗ uαkj (using (3.1))
=
∑
1≤k,l≤dα
ϕ(uαkl)u
α
il ⊗ uαkj.
Therefore,
Qϕu
α
ij = ∆
−1
r ◦ E((κr ◦ Sϕ ◦ κr)⊗ idL∞(G))∆ruαij)
= ∆−1r
( ∑
1≤k,l≤dα
ϕ(uαkl)E(u
α
il ⊗ uαkj)
)
= ∆−1r
( ∑
1≤k,l≤dα
ϕ(uαkl)
δl,k
dα
∆r(u
α
ij)
)
(using Lemma 3.9)
=
dα∑
k=1
ϕ(uαkk)
dα
uαij =
ϕ
(∑dα
k=1 u
α
kk
)
dα
uαij =
ϕ(χα)
dα
uαij
=
ψ(χα)
dα
uαij (since ϕ is a Hahn-Banach extension of ψ)
= Tψu
α
ij.

Remark 3.10. As alluded to above, the composition (3.2) can be viewed
as a type of average of the convolution operator Sϕ, with respect to the
Haar trace. Indeed, consider the classical situation where G = (C(G),∆)
is the usual C∗-bialgebra of continuous functions on a compact group G,
with coproduct ∆ given by ∆f(x, y) = f(xy), (x, y ∈ G, f ∈ C(G)). Let
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µ ∈ C(G)∗ =M(G) be a complex regular Borel measure, and for each g ∈ G,
let µg ∈M(G) be the measure defined by∫
G
f(x)dµg(x) :=
∫
G
f(g−1x−1g)dµ(x) (f ∈ C(G)).
Then a simple calculation shows that (3.2) applied to Sµ corresponds to the
averaging map
Sµ 7→ Qµ =
∫
G
Sµgdg,
where dg denotes the Haar probability measure on G. Variants of the type
of composition given in (3.2) were first used in the context of discrete group
C∗-algebras by Haagerup [20], and in the setting of discrete Kac algebras by
Kraus and Ruan [23].
4. The Haagerup Approximation Property for O+N and U
+
N
In this section, we prove that the free orthogonal quantum groups {O+N}N≥2
and the free unitary quantum groups {U+N }N≥2 have the HAP. We will first
treat the orthogonal case, and then use this result together with some free
product constructions to deal with the unitary case.
4.1. The Orthogonal Case. The corepresentation theory of the quantum
group O+N was first studied by Banica [2]. It turns out to be quite similar
to the representation theory of the compact group SU(2). In the following
theorem we have collected the results that we will need from [2].
Theorem 4.1. ([2]) For any fixed N ≥ 2, there is a maximal family irre-
ducible corepresentations of O+N , labeled by the non-negative integers, say
{V n = [vnij ]1≤i,j≤d(N)n }
∞
n=0,
which has the following properties:
(1) V 0 = 1Ao(N) is the trivial corepresentation of O
+
N , and V
1 = V is
the fundamental corepresentation of O+N .
(2) V n ∼= V n for all n ≥ 0.
(3) The family {V n}n≥0 satisfies the fusion rules
V r ⊠ V s ∼=
min{r,s}⊕
l=0
V r+s−2l (r, s ∈ N ∪ {0}).(4.1)
(4) For N = 2, d
(2)
n = n+ 1, and for N ≥ 3,
d(N)n =
q(N)n+1 − q(N)−n−1
q(N)− q(N)−1 ,(4.2)
where q(N) is defined by q(N) + q(N)−1 = N .
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(5) The irreducible characters {χn = (Tr ⊗ idAo(N))V n}n≥0 ⊂ Ao(N)
are self-adjoint, and satisfy the recursion relations
χ1χn = χn+1 + χn−1 (n ≥ 1).(4.3)
In particular, we have the equality of ∗-algebras
alg〈χn : n ≥ 0〉 = alg〈1, χ1〉.(4.4)
(6) The spectral measure µχ1 of χ1 relative to the Haar state h on Ao(N)
is given by Wigner’s semicircular law:
dµχ1(t) = 1[−2,2](t)
√
4− t2
2π
dt.
Observe that for each N ≥ 2, part (6) of the above theorem shows that
the spectrum σC(O+N )
(πh(χ1)) of πh(χ1) in the reduced C
∗-algebra C(O+N ) is
the interval [−2, 2]. In the next lemma, we determine the spectrum of the
operator χ1 in the full C
∗-algebra Ao(N).
Lemma 4.2. Let N ≥ 2. Then the spectrum σAo(N)(χ1) of χ1 in the full
C∗-algebra Ao(N) is the interval [−N,N ].
This result is perhaps well known. Since we we could not find a reference,
we include a proof.
Proof. The fundamental corepresentation V 1 = V = [vij ]1≤i,j≤N ∈MN (Ao(N))
is an N ×N orthogonal matrix. Therefore
‖χ1‖Ao(N) =
∥∥∥ N∑
i=1
vii
∥∥∥
Ao(N)
≤
N∑
i=1
‖vii‖Ao(N) ≤ N,
and it follows that σAo(N)(χ1) ⊆ [−N,N ]. On the other hand, the universal
property of Ao(N) implies that there exists a surjective C
∗-homomorphism
π : Ao(N)→ C(ON ), π(vij) = oij ,
where C(ON ) is the C
∗-algebra of continuous functions on the orthogonal
group ON , and {oij}1≤i,j≤N are the matrix coordinate functions on ON .
In particular, π(χ1) is just the fundamental character of ON , which is well
known to have spectrum equal to [−N,N ]. Since the spectrum of any ele-
ment of a C∗-algebra always contains the spectrum of its image under any
∗-homomorphism, we deduce that
[−N,N ] ⊆ σAo(N)(χ1).

Let {un}∞n=0 denote the sequence of (dilated) Chebyshev polynomials of
the second kind, which are uniquely determined by the initial conditions
u0(x) = 1, u1(x) = x(4.5)
and the recursion
xun(x) = un+1(x) + un−1(x) (n ≥ 1).(4.6)
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From Theorem 4.1 and Lemma 4.2, we immediately obtain the following.
Corollary 4.3. Let BN = C∗〈χn : n ≥ 0〉 ⊂ Ao(N) denote the unital
C∗-algebra generated by the irreducible characters of O+N . Then there is a
C∗-isomorphism BN ∼= C([−N,N ]) defined by
χn 7→ un|[−N,N ] (n ≥ 0).
Proof. From (4.4), we have BN = C∗〈1, χ1〉. On the other hand, Lemma 4.2
and the Gelfand theorem imply that there is a ∗-isomorphism π : C∗〈1, χ1〉 →
C([−N,N ]) determined by π(1Ao(N)) = 1|[−N,N ] = u0|[−N,N ] and π(χ1) =
x|[−N,N ] = u1|[−N,N ].
Applying π to the recursion relation (4.3) therefore yields
x[π(χn)](x) = [π(χn+1)](x) + [π(χn−1)](x) (x ∈ [−N,N ], n ≥ 1).
Comparing with the initial conditions (4.5) and the recursion (4.6) for the
Chebyshev polynomials of the second kind, we conclude that π(χn) = un|[−N,N ]
for all n ≥ 0. 
We now proceed toward proving that O+N has the HAP for all N ≥ 2.
Note that when N = 2, O+2 is a co-amenable compact quantum group [2,
Corollaire 1], and it follows from [9, Theorem 1.1] that C(O+2 ) is a nuclear
C∗-algebra and L∞(O+2 ) is an injective von Neumann algebra. Since injec-
tivity implies the HAP for a finite von Neumann algebra (see [22]), there is
nothing to prove when N = 2. Assume for the remainder of the section that
N ≥ 3 is fixed. As in Section 3, we will denote by {pn}n≥0 the orthogonal
family of projections pn : L
2(O+N )→ L2n(O+N ) = span{unij : 1 ≤ i, j ≤ d(N)n }.
Proposition 4.4. Fix a number 2 < t0 < 3, and for each t ∈ [t0, N ] consider
the sequence { un(t)
un(N)
}∞
n=0
.
(1) There exists a constant Ct0 > 0 (only depending on t0) such that
0 <
un(t)
un(N)
≤ Ct0
( t
N
)n
(t ∈ [t0, N ], n ≥ 0).(4.7)
(2) For each t ∈ [t0, N), the operator
Tˆt =
∑
n≥0
un(t)
un(N)
pn ∈ B(L2(O+N )),
is compact.
(3) For each t ∈ [t0, N ], Tˆt restricts to a NUCP, h-preserving map Tt ∈
CB(L∞(O+N )) with the property that Tt(C(O
+
N )) ⊆ C(O+N ).
Proof. (1): For t > 2, let
q(t) =
t+
√
t2 − 4
2
.(4.8)
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Then then q is an increasing function of t, and q(t) + q(t)−1 = t. Using
induction and the recursion (4.6), it follows that for all t > 2 and n ≥ 1,
0 < un(t) = un(q(t) + q(t)
−1) =
q(t)n+1 − q(t)−n−1
q(t)− q(t)−1 .(4.9)
In particular, for any t ≥ t0 and any n ≥ 1, we have
0 <
un(t)
un(N)
=
(
q(t)
q(N)
)n(
(1− q(t)−2n−2)(1 − q(N)−2)
(1− q(t)−2)(1 − q(N)−2n−2)
)
≤
(
q(t)
q(N)
)n(
1− q(N)−2
(1− q(t)−2)(1 − q(N)−2n−2)
)
≤
(
q(t)
q(N)
)n
(1− q(t)−2)−1
(since 1− q(N)−2 ≤ 1− q(N)−2n−2)
≤
(
q(t)
q(N)
)n
(1− q(t0)−2)−1
(since q is increasing)
= (1− q(t0)−2)−1
(
1 +
√
1− 4/t2
1 +
√
1− 4/N2
)n(
t
N
)n
≤ (1− q(t0)−2)−1
(
t
N
)n
.
Taking Ct0 = (1− q(t0)−2)−1, we obtain (4.7).
(2): Part (1) in particular shows that the sequence
{
un(t)
un(N)
}∞
n=0
belongs to
c0(N ∪ {0}) for each t ∈ [t0, N). Since the projections pn (n ≥ 0) are all
finite rank and mutually orthogonal, the sum
Tˆt =
∑
n≥0
un(t)
un(N)
pn ∈ B(L2(O+N )),
is compact.
(3): For each t ∈ [−N,N ], let ψt ∈ C([−N,N ])∗ denote the state given by
point evaluation at t. Using the isomorphism
C([−N,N ]) ∼= BN = C∗〈χn : n ≥ 0〉,
given by Corollary 4.3, we may regard ψt as the state in B∗N given by
ψt(χn) = un(t) (n ≥ 0).
Theorem 3.7 therefore implies that the map Tˆψt =
∑
n≥0
un(t)
d
(N)
n
pn ∈ B(L2(O+N ))
restricts to a NUCP h-preserving map Tψt ∈ CB(L∞(O+N )), and that Tψt
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preserves C(O+N ). Since d
(N)
n = un(N) (cf. equations (4.2) and (4.9)), we
have Tˆt = Tˆψt for all t ∈ [t0, N ], completing the proof. 
It is now easy to deduce the HAP for O+N .
Theorem 4.5. For each N ≥ 2, O+N has the HAP.
Proof. As discussed before, we may assume that N ≥ 3 is fixed. Let
{Tt}t∈[t0,N) ⊂ CB(L∞(O+N )) be the net of NUCP h-preserving maps con-
structed in Proposition 4.4 above. Then, for each t ∈ [t0, N), the L2-
extension Tˆt ∈ B(L2(O+N )) is compact. It remains to show that
lim
t→N
‖Tˆtxˆ− xˆ‖L2(O+N ) = 0 (x ∈ L
∞(O+N )).(4.10)
Since the family {Tˆt}t<N ⊂ B(L2(O+N )) is uniformly bounded (by 1), it
suffices by linearity and L2-density to prove (4.10) for all matrix elements
x = vnij, (n ≥ 0, 1 ≤ i, j ≤ d(N)n ). But in this case, we have
lim
t→N
‖Tˆtvnij − vnij‖L2(O+N ) = limt→N
( un(t)
un(N)
− 1
)
(d(N)n )
−1/2 = 0.

Remark 4.6. An easy modification of the above proof (replacing L2-norms
with C(O+N )-norms) also shows that Tt|C(O+N ) → idC(O+N ), in the point-norm
topology of B(C(O+N )).
4.2. The Unitary Case. Let us now consider the free unitary quantum
groups {U+N}N≥2. It turns out that using free product constructions, the
HAP for U+N is really a consequence of the HAP for O
+
N .
Let A and B be unital C∗-algebras, we will denote their C∗-algebraic free
product by A∗B ([28, Chapter 25]). If ϕ and ψ are faithful states on A and
B, respectively, we will denote by A ∗red B the reduced free product of A
and B, taken with respect to the free product state ϕ ∗ ψ (see [26, Lecture
7]). If A and B are von Neumann algebras with normal faithful states ϕ and
ψ, respectively, then we always take A ∗red B to be the Neumann algebraic
reduced free product [11]. We refer to [13] and [11] for the properties of
reduced free products of (normal) completely positive maps.
We begin with the notion of free complexification for compact matrix
quantum groups, which was introduced in [4]. Recall that a compact ma-
trix quantum group G = (A,U) is simply a CQG (A,∆), where U =
[uij]1≤i,j≤N ∈ MN (A) is a distinguished fundamental unitary corepresenta-
tion, with the property that its matrix elements generate A as a C∗-algebra
[39].
Definition 4.7. Let G = (A,U) be a compact matrix quantum group, with
fundamental corepresentation U = [uij ]1≤i,j≤N ∈ MN (A). Let T denote
the unit circle in C, and let z = idT ∈ C(T) denote the canonical unitary
generator of C(T). The free complexification of G is the compact matrix
18 MICHAEL BRANNAN
quantum group G˜ = (A˜, U˜) where A˜ ⊂ C(T) ∗ A is the unital C∗-algebra
generated by the family {zuij : 1 ≤ i, j ≤ N} ⊂ C(T) ∗ A, and U˜ =
[zuij ]1≤i,j≤N ∈ MN (A˜). The fact that G˜ is actually a compact matrix
quantum group is proved in [4].
Denote by τ the Haar state on L∞(T), and hG the Haar state on L∞(G).
In [4] it is shown that L∞(G˜) (respectively C(G˜)) is the von Neumann
subalgebra of L∞(T) ∗red L∞(G) (respectively C∗-subalgebra of C(T) ∗red
C(G)) generated by {zπhG(uij) : 1 ≤ i, j ≤ N}. The Haar state hG˜ on
L∞(G˜) is just the restriction of the free product state τ ∗ hG to this von
Neumann subalgebra.
Here is the main result of this section.
Theorem 4.8. Let G be a compact matrix quantum group of Kac type. If
G has the HAP, then so does its free complexification G˜.
Proof. Suppose (M1, τ1) and (M2, τ2) are finite von Neumann algebras, each
with the HAP. Then the reduced free product (M1 ∗redM2, τ1 ∗ τ2) also has
the HAP [12, Proposition 3.9]. The main idea in [12] is that if {Φ(i)λi :Mi →
Mi}λi∈Λi is a net giving the HAP for (Mi, τi), then the reduced free product
net
{Φ(1)λ1 ∗red Φ
(2)
λ2
:M1 ∗red M2 →M1 ∗red M2}(λ1,λ2)∈Λ1×Λ2 ,
gives the HAP for (M1 ∗red M2, τ1 ∗ τ2).
In particular, (L∞(T) ∗red L∞(G), τ ∗ hG) has the HAP. Since L∞(G˜) is
a von Neumann subalgebra of (L∞(T) ∗red L∞(G), τ ∗ hG), and τ ∗ hG is a
faithful normal trace, there exists a unique normal, faithful τ ∗hG-preserving
conditional expectation E : L∞(T) ∗red L∞(G)→ L∞(G˜). Thus, if {Φλ}λ∈Λ
is any net giving the HAP for (L∞(T) ∗red L∞(G), τ ∗ hG), then the net
{E ◦Φλ|L∞(G˜)}λ∈Λ gives the HAP for (L∞(G˜), hG˜). 
As a specific instance of Theorem 4.8, we deduce the HAP for the free
unitary quantum groups.
Corollary 4.9. For each N ≥ 2, U+N has the HAP.
Proof. In [3, The´ore`me 1] (see [5, Theorem 9.2] for another proof), it is
shown that U+N = O˜
+
N for all N ≥ 2. Therefore it follows from Theorem 4.5
and Theorem 4.8 that U+N has the HAP. 
Remark 4.10. Of course, Corollary 4.9 does not produce an explicit net of
NUCP h-preserving maps on L∞(U+N ) yielding the HAP for U
+
N . Since we
will need one in Section 5.2, let us now produce one. For each r ∈ [0, 1),
let pr(e
iθ) =
∑
n∈Z r
|n|einθ ∈ C(T) denote the Poisson kernel. It is well
known that pr > 0 and
1
2π
∫ π
−π pr(e
iθ)dθ = 1 for all r ∈ [0, 1), and therefore
convolution operator
f 7→ Prf := pr ∗ f (f ∈ L∞(T)),
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defines a NUCP Haar trace-preserving map on L∞(T), such that Pr(C(T)) ⊆
C(T). Furthermore, if z = idT denotes the canonical generator of L
∞(T),
then {zn}n∈Z is an orthonormal basis for L2(T) on which Pr is given by
Pr(z
n) = r|n|zn. From this, it is clear that Pr extends to a compact (multi-
plication) operator on L2(T), and limr→1 Prf = f for all f ∈ L2(T). Thus
{Pr}r∈[0,1) is a net of NUCP trace-preserving maps giving the HAP for T.
Now let {Φr,t}r∈[0,1),t∈[t0,N) ⊂ CB(L∞(T) ∗red L∞(O+N )) be the reduced
free product net given by
Φr,t = Pr ∗red Tt,(4.11)
where Tt ∈ CB(L∞(O+N )) is the NUCP h-preserving map constructed in
Proposition 4.4. Then the net {Φr,t}r∈[0,1),t∈[t0,N) gives the HAP for (L∞(T)∗red
L∞(O+N ), τ ∗h). In Proposition 5.7, we will see that in fact Φr,t(L∞(U+N )) ⊆
L∞(U+N ) (and also Φr,t(C(U
+
N )) ⊆ C(U+N )), so {Φr,t|L∞(U+N )}r∈[0,1),t∈[t0,N)
also yields the HAP for U+N .
In our proof of the metric approximation property for C(U+N ) in Section
5.2, we will make extensive use of the maps Φr,t defined above.
5. The Reduced C∗-Algebras and the Metric Approximation
Property
In this section, we use the HAP for O+N and U
+
N to show that the reduced
C∗-algebras C(O+N ) and C(U
+
N ) have the metric approximation property.
Let us begin by recalling this notion.
Definition 5.1. A Banach space Y has the metric approximation property
(MAP) if there exists a net {Φλ}λ∈Λ ⊂ B(Y ) of finite rank contractions
converging to the identity map in the point-norm topology of B(Y ). That
is, for all y ∈ Y
lim
λ∈Λ
‖Φλy − y‖Y = 0.
We will treat the orthogonal case and the unitary case separately, starting
with the orthogonal case.
5.1. The Metric Approximation Property for C(O+N ). Since C(O
+
2 ) is
a nuclear C∗-algebra (and therefore trivially has the MAP), we will assume
for the remainder of this section that N ≥ 3.
In Proposition 4.4, we constructed a net of UCP maps {Tt}t∈[t0,N) ⊂
CB(C(O+N)), each of which is L
2-compact, with the property that limt→N Tt =
idC(O+N )
in the point-norm topology (see Remark 4.6). Furthermore, Propo-
sition 4.4(1) shows that for fixed t, the operator Tt has rapid (i.e. expo-
nential) decay properties as the corepresentation index n tends to ∞. To
obtain an appropriate net of finite rank contractions on C(O+N ) converging
to idC(O+N )
in the point-norm topology, the idea is to take certain finite rank
truncations of the maps Tt. It turns out that we can meaningfully control
the norms of these truncated maps using: (1) the explicit decay rates of Tt
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given in Proposition 4.4(1), and (2) the fact that the quantum groups O+N
(N ≥ 3) have the property of rapid decay (property RD). The property of
rapid decay, defined for CQGs by Vergnioux [35], amounts to the existence
of a Haagerup-type inequality comparing the L2- and L∞-norms on L∞(G).
This approach to proving the MAP dates back to Haagerup [21] in the set-
ting of free groups. We state Vergnioux’s Haagerup inequality for O+N in the
following theorem.
Theorem 5.2. ([35, Section 4]) For each N ≥ 3, there is a constant DN > 0
such that for any n ≥ 0 and any x ∈ L2n(O+N ), we have
‖x‖L2(O+N ) ≤ ‖x‖L∞(O+N ) ≤ DN (n+ 1)‖x‖L2(O+N ).
In other words, Theorem 5.2 says that on the subspaces L2n(O
+
N ) =
span{vnij : 1 ≤ i, j ≤ d(N)n } ⊂ L2(O+N ), the L∞-norm grows at most lin-
early in n, relative to the L2-norm.
An immediate consequence of this Haagerup inequality for O+N is the
following criterion for determining when certain linear maps T ∈ B(L2(O+N ))
are ultracontractive (i.e., map L2(O+N ) boundedly into C(O
+
N ).)
Proposition 5.3. Let {an}n≥0 ⊂ C be a bounded sequence, and consider
the operator T =
∑
n≥0 anpn ∈ B(L2(O+N )). If
ka := sup
n≥0
(n+ 1)2|an| <∞,
then T (L2(O+N )) ⊆ C(O+N ) and ‖T‖L2→L∞ ≤ πDNka√6 , where DN > 0 is the
constant given in Theorem 5.2.
Proof. Let x ∈ L2(O+N ). Then we have
‖Tx‖L∞(O+N ) =
∥∥∥∑
n≥0
anpnx
∥∥∥
L∞(O+N )
≤
∑
n≥0
|an| · ‖pnx‖L∞(O+N )
≤
∑
n≥0
|an|DN (n+ 1)‖pnx‖L2(O+N )
≤
∑
n≥0
kaDN
n+ 1
‖pnx‖L2(O+N )
≤ kaDN
(∑
n≥0
1
(n+ 1)2
)1/2(∑
n≥0
‖pnx‖2L2(O+
N
)
)1/2
=
πDNka√
6
‖x‖L2(O+N ),
where in the second inequality we have used property RD, and in the last
inequality we used the Cauchy-Schwarz inequality. Therefore T (L2) ⊆ L∞
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and ‖T‖L2→L∞ ≤ πDNka√6 . To show that T (L2(O
+
N )) ⊆ C(O+N ), note that
TA ⊆ A, where A is the usual dense Hopf ∗-subalgebra of C(O+N ). Since
A is also dense in L2(O+N ) and T : L2 → L∞ is continuous, T (L2(O+N )) ⊂
A‖·‖L∞(O+N ) = C(O+N ). 
The MAP now follows.
Theorem 5.4. For each N ≥ 3, C(O+N ) has the MAP.
Proof. Fix N ≥ 3, and let {Tt}t∈[t0,N) ⊂ CB(C(O+N )) be the family of UCP
maps constructed in Proposition 4.4. For each m ∈ N, let Tt,m : C(O+N ) →
C(O+N ) be the mth-order truncation of Tt given by
Tt,m =
m∑
n=0
un(t)
un(N)
pn.
Since each member of the family {pn}n≥0 is a finite rank projection, it follows
that the finite sums {Tt,m}m≥0,t∈[t0,N) are also finite rank. Furthermore, for
fixed t ∈ [t0, N) we have
‖Tt − Tt,m‖B(C(O+N )) =
∥∥∥ ∑
n≥m+1
un(t)
un(N)
pn
∥∥∥
B(C(O+
N
))
(5.1)
≤
∥∥∥ ∑
n≥m+1
un(t)
un(N)
pn
∥∥∥
B(L2(O+N ),C(O
+
N ))
(5.2)
≤ πDN√
6
sup
n≥m+1
(n + 1)2
un(t)
un(N)
(5.3)
≤ πDN√
6
sup
n≥m+1
(n + 1)2Ct0
( t
N
)n
,(5.4)
where in (5.2) we have used the fact that the inclusion C(O+N ) ⊆ L2(O+N ) is
a contraction, in (5.3) we have used Proposition 5.3, and in (5.4) we have
used Proposition 4.4(1). From the last inequality, it follows that
lim
m→∞ ‖Tt − Tt,m‖B(C(O+N )) = 0 (t ∈ [t0, N)),(5.5)
and in particular
lim
m→∞ ‖Tt,m‖B(C(O+N )) = ‖Tt‖B(C(O+N )) = 1 (t ∈ [t0, N)).(5.6)
Put T˜t,m = ‖Tt,m‖−1B(C(O+
N
))
Tt,m. Then {T˜t,m}t∈[t0,N),m∈N ⊂ B(C(O+N )) is
a family of finite rank contractions, and by (5.5)–(5.6),
lim
m→∞ ‖Tt − T˜t,m‖B(C(O+N )) = 0 (t ∈ [t0, N)).(5.7)
We now claim that the identity map idC(O+N )
is contained in the point-norm
closure closure of {T˜t,m}t∈[t0,N),m∈N ⊂ B(C(O+N )). This will complete the
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proof, since we can then extract a net of finite rank contractions (in fact
a sequence) from {T˜t,m}t∈[t0,N),m∈N with the required property. To prove
this last claim, first note that by (5.7), {Tt}t∈[t0,N) is contained in the norm
(⇒ point-norm) closure of {T˜t,m}t∈[t0,N),m∈N. On the other hand, since
limt→N
un(t)
un(N)
= 1 for all n ≥ 0, we have limt→N ‖Ttx− x‖C(O+N ) = 0 for all
x ∈ A, the dense Hopf ∗-subalgebra of C(O+N ). Since ‖Tt‖B(C(O+N )) = 1 for
all t ∈ [t0, N), the density of A ⊆ C(O+N ) implies that this limit remains
valid for all x ∈ C(O+N ). Therefore
idC(O+N )
∈ {Tt}t∈[t0,N)
point-norm ⊂ {T˜t,m}t∈[t0,N),m∈N
point-norm
.

5.2. The Metric Approximation Property for C(U+N ). To prove the
MAP for the C∗-algebras C(U+N ), the idea is the same as for C(O
+
N ): we
take a net of L2-compact, UCP maps on C(U+N ) converging to idC(U+N )
in
the point-norm topology, and consider finite rank truncations of this net.
To begin, we will need to recall some of the facts obtained by Banica [3]
on the corepresentation theory of U+N , (N ≥ 2). Let {V n}n≥0 be a complete
family of irreducible unitary corepresentations of O+N as in Theorem 4.1,
and let z = idT denote the canonical unitary generator (i.e. fundamental
corepresentation) of C(T). Since U+N is the free complexification of O
+
N (see
Definition 4.7), we may identify C(U+N ) with the C
∗-subalgebra of C(T) ∗red
C(O+N ) generated by the matrix elements of z ⊠ V
1 = [zvij ]1≤i,j≤N .
Let F+2 denote the free semigroup on two generators {g1, g2} with unit e,
and equip F+2 with the antimultiplicative involution g 7→ g defined by
e = e, g1 = g2, g2 = g1.
Then there exists a maximal family of pairwise inequivalent irreducible uni-
tary corepresentations {Ug}g∈F+2 of U
+
N such that
(1) U e = 1,
(2) Ug1 = z ⊠ V 1, the fundamental corepresentation of U+N ,
(3) Ug ∼= Ug for all g ∈ F+2 , and
(4) The following fusion rules are satisfied:
Ug ⊠ Uh ∼=
⊕
α,β,σ∈F+2
g=ασ, h=σβ
Uαβ (g, h ∈ F+2 ).(5.8)
For N ≥ 3, Vergnioux has also shown that U+N also has property RD [35,
Section 4]. Let | · | : F+2 → N ∪ {0} denote the word length function on F+2
relative to the generating set {g1, g2}. For each n ∈ N ∪ {0}, let
L2n(U
+
N ) =
⊕
g∈F+2 :|g|=n
L2g(U
+
N ),
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where L2g(U
+
N ) denotes the usual subspace of L
2(U+N ) spanned by the matrix
elements of the corepresentation Ug. Vergnioux’s property RD for U+N can
now be stated as follows.
Theorem 5.5. ([35, Section 4]) For each N ≥ 3, there is a constant RN > 0
such that for any n ≥ 0 and any x ∈ L2n(U+N ), we have
‖x‖L2(U+N ) ≤ ‖x‖L∞(U+N ) ≤ RN (n+ 1)‖x‖L2(U+N ).
For each g ∈ F+2 , let pg : L2(U+N )→ L2g(U+N ) be the orthogonal projection.
Using Theorem 5.5, we have the following ultracontractivity result for U+N
(which is analogous to Proposition 5.3 for O+N ).
Proposition 5.6. Fix N ≥ 3, let {ag}g∈F+2 ⊂ C be a bounded family, and
consider the operator T =
∑
g∈F+2 agpg ∈ B(L
2(U+N )). If
ka := sup
n≥0
{
(n + 1)2max
|g|=n
|ag|
}
<∞,
then T (L2(U+N )) ⊆ C(U+N ) and ‖T‖L2→L∞ ≤ πRNka√6 , where RN > 0 is the
constant given in Theorem 5.5.
We will omit the proof of this result since it is almost identical to that of
Proposition 5.3.
Proposition 5.6 will be essential to our proof of the MAP for C(U+N ) when
N ≥ 3. We will treat the case N = 2 separately at the end of this section.
5.2.1. The Case N ≥ 3. Let {Φr,t}r∈[0,1),t∈[t0,N) ⊂ CB(L∞(T)∗redL∞(O+N ))
be the family of NUCP maps defined in Remark 4.10. In the following
proposition, we show that each Φr,t preserves the subalgebra L
∞(U+N ) ⊆
L∞(T) ∗red L∞(O+N ).
Proposition 5.7. Φr,t(C(U
+
N )) ⊆ C(U+N ) and Φr,t(L∞(U+N )) ⊆ L∞(U+N ).
Proof. For each g ∈ F+2 , consider the subspace L2g(U+N ) ⊂ C(U+N ) spanned by
the matrix elements of the associated irreducible corepresentation Ug of U+N .
We claim that Φr,t|L2g(U+N ) ∈ CidL2g(U+N ). Assuming that this claim is true, it
then follows by linearity, continuity and density, that Φr,t(C(U
+
N )) ⊆ C(U+N ).
Since Φr,t is also normal, Φr,t(L
∞(U+N )) ⊆ L∞(U+N ).
We now prove the above claim. Fix g ∈ F+2 \{e} (the case g = e is trivial),
and consider the free product compact quantum group G = T ∗ O+N , as
defined in [38]. Since
L∞(U+N ) ⊆ L∞(T) ∗red L∞(O+N ) =: L∞(G),
and the Haar state on L∞(U+N ) is just the restriction of the Haar state
on L∞(G), it follows that Ug is also an irreducible corepresentation of G.
Therefore, by [38, Theorem 1.1], there exist numbers n ∈ N, l(1), . . . , l(n) ∈
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N, k(1), k(n + 1) ∈ Z, and k(2), . . . , k(n) ∈ Z\{0} such that Ug is unitarily
equivalent to the alternating tensor product corepresentation
W = zk(1) ⊠ V l(1) ⊠ zk(2) ⊠ . . . ⊠ zk(n) ⊠ V l(n) ⊠ zk(n+1) ∈Mdg (L∞(G)).
From the above equation, the definition of the reduced free product of
NUCP maps [11], and the definition of Pr and Tt (c.f. Proposition 4.4 and
Remark 4.10), we have
(id ⊗ Φr,t)W = (id⊗ (Pr ∗red Tt))W
= r
∑n+1
s=1 |k(s)|
n∏
s=1
ul(s)(t)
ul(s)(N)
W.
Since Ug ∼=W , the same is true for Ug:
(id⊗ Φr,t)Ug = r
∑n+1
s=1 |k(s)|
n∏
s=1
ul(s)(t)
ul(s)(N)
Ug.(5.9)
That is, Φr,t|L2g(U+N ) = r
∑n+1
s=1 |k(s)|∏n
s=1
ul(s)(t)
ul(s)(N)
idL2g(U
+
N )
. 
For each t ∈ [t0, N), let q(t) = t+
√
t2−4
2 be the increasing function defined
in (4.8), let r(t) = 1−q(t)
−2
1−q(N)−2 , and consider the UCP map
Ψt := Φr(t),t|C(U+N ) ∈ CB(C(U
+
N )).
From the proof of Proposition 5.7, we know that Ψt acts as a scalar multiple
of the identity on each subspace L2g(U
+
N ), and so its L
2-extension Ψˆt takes
the form
Ψˆt =
∑
g∈F+2
at(g)pg ∈ B(L2(U+N )),(5.10)
where {at(g)}g∈F+2 ⊂ C. In the unitary case, we will use the net {Ψt}t∈[t0,N) ⊂
CB(C(U+N )) as a replacement for the net {Tt}t∈[t0,N) ⊂ CB(C(O+N)) in the
orthogonal case. The following proposition shows that our choice was a good
one.
Proposition 5.8. The net {Ψt}t∈[t0,N) has the following properties:
(1) limt→N Ψt = idC(U+N ) in the point-norm topology.
(2) For each g ∈ F+2 ,
0 < at(g) ≤ Ct0
( t
N
)|g|
,(5.11)
where Ct0 is the constant defined in Proposition 4.4(1).
Proof. Since each map Ψt is UCP, it suffices by continuity and density to
show that limt→N Ψtx = x for each x ∈ A ⊂ C(U+N ), the dense Hopf ∗-
subalgebra. By linearity, this reduces to showing that
lim
t→N
at(g) = 1 pointwise.(5.12)
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However, since limt→N r(t) = 1, limt→N
ul(t)
ul(N)
= 1 for all l ≥ 0, and at(g) is
given by some finite product of the form r
∑n+1
s=1 |k(s)|∏n
s=1
ul(s)(t)
ul(s)(N)
, (5.12) is
obvious.
To prove (2), we need a better understanding of the quantities at(g),
(g ∈ F+2 ). Let χg denote the character of the irreducible corepresentation Ug.
From the fusion rules (5.8) for U+N , it follows that the characters {χg}g∈F+2
satisfy the relations
χgχh =
∑
α,β,σ∈F+2
g=ασ, h=σβ
χαβ (g, h ∈ F+2 ).(5.13)
Furthermore, since Ug1 = z ⊠ V 1, we have
χg1 = zχ1 and χg2 = χ
∗
g1 = χ1z
−1,(5.14)
where {χn}n≥0 denote the irreducible characters of O+N , and z = idT is the
generator of C(T) (which is ∗-free from {χn}n≥0). Using (5.13), the initial
conditions (5.14), and the recursion (4.3) for the characters {χn}n≥0, it
follows by induction on |g| that for any g ∈ F+2 , there exist k(1), . . . , k(n) ∈
N such that |g| = k(1) + k(2) + . . . + k(n), ǫ(1), ǫ(n + 1) ∈ {0,±1} and
ǫ(2), . . . ǫ(n) ∈ {±1} such that χg is given by the free product
χg = z
ǫ(1)χk(1)z
ǫ(2)χk(2) . . . z
ǫ(n)χk(n)z
ǫ(n+1).(5.15)
Since Ψt|L2g(U+N ) = at(g)idL2g(U+N ) and χg ∈ L
2
g(U
+
N ), we get from (5.15) that
at(g)χg = Ψtχg
= (Pr(t) ∗red Tt)
(
zǫ(1)χk(1)z
ǫ(2)χk(2) . . . z
ǫ(n)χk(n)z
ǫ(n+1)
)
= r(t)
∑n+1
s=1 |ǫ(s)|
n∏
s=1
uk(s)(t)
uk(s)(N)
zǫ(1)χk(1)z
ǫ(2)χk(2) . . . z
ǫ(n)χk(n)z
ǫ(n+1)
= r(t)
∑n+1
s=1 |ǫ(s)|
n∏
s=1
uk(s)(t)
uk(s)(N)
χg
= r(t)|ǫ(1)|+|ǫ(2)|+n−1
n∏
s=1
uk(s)(t)
uk(s)(N)
χg.
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Therefore at(g) > 0, and using (4.9) we have
at(g) = r(t)
|ǫ(1)|+|ǫ(2)|+n−1
n∏
s=1
uk(s)(t)
uk(s)(N)
≤ r(t)n−1
n∏
s=1
uk(s)(t)
uk(s)(N)
= r(t)n−1
( q(t)
q(N)
)k(1)+...+k(n) n∏
s=1
(1− q(t)−2k(s)−2)(1− q(N)−2)
(1− q(N)−2k(s)−2)(1 − q(t)−2)
= r(t)−1
( q(t)
q(N)
)k(1)+...+k(n) n∏
s=1
1− q(t)−2k(s)−2
1− q(N)−2k(s)−2
≤ 1
1− q(t)−2
( q(t)
q(N)
)k(1)+...+k(n)
≤ 1
1− q(t0)−2
( t
N
)k(1)+...+k(n)
= Ct0
( t
N
)|g|
.

Using Proposition 5.8, we can prove the MAP for C(U+N ) when N ≥ 3.
Theorem 5.9. For N ≥ 3, C(U+N ) has the MAP.
Proof. Since the proof is similar to the truncation argument for the orthog-
onal case, we only sketch it. For each m ∈ N, let
Ψt,m =
∑
g∈F+2 :|g|≤m
at(g)pg, and Ψ˜t,m = ‖Ψt,m‖−1B(C(U+N ))Ψt,m.
Then {Ψ˜t,m}t∈[t0,N),m∈N ⊂ B(C(U+N )) is net of finite rank contractions. By
Proposition 5.6 and Proposition 5.8(2)
lim
m→∞ ‖Ψt,m −Ψt‖B(C(U+N )) ≤ lim supm→∞ supn≥m+1
(n+ 1)2Ct0
( t
N
)n
= 0,
for every t0 ≤ t < N . Therefore limm→∞ ‖Ψt,m‖B(C(U+N )) = ‖Ψt‖B(C(U+N )) =
1, and consequently
lim
m→∞ ‖Ψ˜t,m −Ψt‖B(C(U+N )) = 0 (t0 ≤ t < N).(5.16)
Using (5.16) and Proposition 5.8(1), it follows from arguments analogous to
those in the proof of Theorem 5.4, that idC(U+N )
is contained in the point-
norm closure of {Ψ˜t,m}t∈[t0,N),m∈N. 
5.2.2. The Case N = 2. When N = 2, we can actually prove the following
stronger approximation property for C(U+2 ).
Theorem 5.10. C(U+2 ) has the completely contractive approximation prop-
erty (CCAP).
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Recall that an operator space Y has the CCAP if there is a net of finite
rank complete contractions {Φλ}λ∈Λ ⊂ CB(Y ), converging to idY in the
point-norm topology. A dual operator space Y ∗ is said to have the weak∗
completely contractive approximation property (weak∗-CCAP) if there is a
net of σ-weakly continuous finite rank complete contractions {Φλ}λ∈Λ ⊂
CB(Y ∗), converging to idY ∗ in the point σ-weak topology.
Proof. In [23, Theorem 5.14], Kraus and Ruan showed that for a compact
quantum group G = (A,∆) of Kac type, C(G) has the CCAP if and only if
L∞(G) has the weak∗-CCAP. (In [23], the authors state their results in the
equivalent, dual framework of discrete Kac algebras.)
However, as mentioned in the introduction, Banica has shown that L∞(U+2 ) ∼=
L(F2) (see [3]). Since L(F2) has the weak
∗-CCAP and this property is an
isomorphism invariant for von Neumann algebras (see [14]), L∞(U+2 ) also
has the weak∗-CCAP. The theorem now follows from the previous para-
graph. 
Remark 5.11. It would be interesting to know whether or not all of the
C∗-algebras C(G) (G = O+N or U
+
N ) have the CCAP, or perhaps just the
completely bounded approximation property. Since we have shown that
these C∗-algebras always have the MAP, the answer seems likely to be yes.
(To our knowledge, there are no known examples of C∗-algebras with the
MAP, but not the CCAP.) We are currently investigating this problem.
Remark 5.12. We conclude with the following Banach algebraic remark. Let
G be either U+N for some N ≥ 2, or O+N for some N ≥ 3. Since G is not co-
amenable, the Banach algebra L1(G) fails to have a bounded approximate
identity [10, Theorem 3.1]. However, our proofs of the MAP for C(G) can
be used to show that L1(G) has a central approximate identity, which is
bounded in the (left) multiplier norm on L1(G):
‖ω‖M(L1(G)) := sup{‖ω ∗ ω′‖L1(G) : ‖ω′‖L1(G) = 1} (ω ∈ L1(G)).
Indeed, when G = U+2 , C(G) has the CCAP by Theorem 5.10, and [23, The-
orems 5.14-5.15] show that L1(G) has a central approximate identity which
is actually bounded in the completely bounded multiplier norm on L1(G).
For all other cases, let {Φt}t∈Λ be a net of finite rank contractions giving the
MAP for C(G). From the proofs of Theorems 5.4 and 5.9, we may assume
that each Φt is a finite linear combination of the projections {pα}α∈A defined
in Notation 3.6, say Φt =
∑
α∈A at(α)pα. Identify L
1(G) with the closure of
L∞(G) with respect to the norm ‖ω‖L1(G) := sup{|h(ωx)| : ‖x‖L∞(G) = 1}.
Then the net {ωt}t∈Λ ⊂ L1(G) defined by ωt :=
∑
α∈A at(α)dαχα, is a cen-
tral approximate identity for L1(G) such that ‖ωt‖M(L1(G)) = ‖Φt‖B(C(G)) =
1 for all t ∈ Λ. The equality ‖ωt‖M(L1(G)) = ‖Φt‖B(C(G)) follows from the
simple verification that Φt = (mωt)
∗|C(G), where mωt : ω′ 7→ ωt ∗ ω′ is the
(left) multiplier induced by ωt.
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